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Failure analysis of laminated plates using finite element method 
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In the present investigation, laminated composite plates subjected to a concentrated load are studied in order to 

determine their failure behavior and also the first ply failure (FPF) load. To achieve this goal, ‘Tsai-Wu’ failure criteria 

is implemented in a finite element code in order to predict the FPF load and the damage location. Based up on the 

classical laminate theory, a four-node rectangular finite element with 6 degrees of freedom at each node is 

formulated and used for this investigation. The numerical results obtained using the present element compare 

favorably with those given by the analytic approach. It is observed that the numerical results are very close to the 

analytical results, which demonstrates the accuracy of the present element. Finally, several parameters, such as 

fiber orientations, stacking sequences and boundary conditions are considered, in order to determine and 

understand their effects on the strength of these laminated plates. 
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1. Introduction: 
 

High-performance composites are commercially used in 

the fabrication of aircraft, automotive, and marine 

structures. The application of these composites transcends 

the boundaries of the aircraft design and has entered the 

field of civil engineering due to its characteristics such as 

high specific strength, stiffness and lightweight.  

In the literature, there are many researchers who have 

studied the failure and damage behavior of composite plates. 

Reddy and Pandey [1] formulated a finite element based on 

the first order shear deformation theory for FPF analysis of 

laminated composite plates. In their work, they used 

maximum stress, maximum strain, Tsai-Wu and Hoffman 

failure criterion to analyze plates subjected to in-plane 

and/or bending loads. Prosti et al. [2] studied the FPF of 

laminated stiffened shells under different loading 

conditions. On the other hand, Pal and Bhattacharyya [3] 

studied the progressive failure analysis of laminated 

composite plates under transverse static loading. In 

addition, Moncada et al. [4] used micromechanics  

 

 

 

 

 

theories, coupled with classical lamination theory, in order 

to study the progressive damage in laminated composite 

plates using different failure theories, such as, maximum 

stress, maximum strain, Tsai-Hill, and Tsai-Wu failure 

criterion. 

In the present investigation, the well-known Tsai-Wu 

failure criteria is used in order to predict and determine the 

FPF load, damage location and failure mechanism. To 

achieve this goal, a rectangular finite element of four-node 

and 6 degrees of freedom at each node is formulated, based 

on the classical plate theory. Several parameters, such as 

fiber orientations, stacking sequence and boundary 

conditions, are investigated to understand their effects on 

failure. 

2. Finite element formulation: 

Based on the classical laminated plate theory, the 

displacement field can be given using the following eq.: 
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                         (1)                                                                                                                                                      

The strain-displacement relation, including large 

deformations, can be determined as: 

    (2)              

   0 0

L NL z k                                                                        

The resultant forces (N) and moments (M) are related to the 

mid-surface strains
0 and to the curvatures (k) by: 

 

 

                                           (3) 

 

                       (4) 

 

where  A ,  B  and  D are the extensional, coupling and 

bending rigidity matrix, respectively. 
ijQ are the 

coefficients of the stiffness matrix of a layer in the global 

coordinate system (x, y, z) of a laminated plates. 

3. Description of the finite element:                                                         

Based on the classical plate theory, a rectangular finite 

element of four-nodes with 6 degrees of freedom at each 

node is formulated. Two degrees of freedom in the plan   (x, 

y) are ( , )u v and the four degrees of freedom out of plan are

2

, , ,
w w w

w
x y x y

  

   
.  

The interpolation functions N (x, y) of the coordinates are 

given by:   

 

                                               (5) 

 

where ( , )x y  is the displacement vector of a given point 

within the element and
i and ( , )iN x y are the nodal 

displacement vector and the bilinear Lagrange shape 

functions. 

Based on the principle of minimum potential energy, the 

first variation allows obtaining the expression of the 

elementary stiffness matrix [Ke]. 

                                                                                        (6) 

 

 

4. Failure criteria (Tsai–Wu failure 

criterion): 

The Tsai-Wu failure criterion is a phenomenological 

material failure theory, widely used for anisotropic 

composite materials [5]. The present criteria takes account 

the interaction between stresses. The Tsai-Wu criterion 

predicts failure when the failure index in a laminate reaches 

1 [6].                                                                                    

According to this theory, the failure criterion is expressed 

by:  

1i i ij i jF F   
    

, 1......,6i j                                    (7)                                      

So, 
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5. Numerical results and discussion: 

The first study consists of a square [0/90]s laminated plate 

with sides a=b = 10 cm. The plates is clamped (CC) on the 

four sides and subjected to a concentration load (Failure load 

= 1410 N). The elastic properties used in this study are given 

in Table 1. The convergence of the displacement obtained is 

presented in Table 2 and shown on Fig 1. 

Table. 1. Material property. 

𝑬𝟏 

(MPa) 

𝑬𝟐 

(MPa) 

𝑮𝟏𝟐 

(MPa) 

𝒗𝟏𝟐  a et b 

(mm) 

h 

(mm) 

141000 9340 4500 0.35 100 (0.5)4 

𝑿𝒕  
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𝒀𝒕 
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𝑿𝑪 
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𝒀𝑪 
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S 

(MPa) 

 

1500 180 1000 240 150  

Table. 2. Convergence of the displacement for a clamped 

(CC) laminated plate subjected to a concentrated load. 

 

One can see from Table 2 and Fig.1 that, the numerical 

results obtained by the present element compare favorably 
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with those obtained by the analytic solution. It is observed 

that the results are very close to the reference results, which 

demonstrates the accuracy of the present element. 

                                                                            

Fig.1. Convergence of the displacement for a clamped 

laminated plate subjected to a concentrated load. 

5.1. Effect of boundary condition and stacking sequences 

on the FPF: 

After the convergence test, the accuracy of this element 

was validated. Now, one can use it to analyze the influence 

of boundary conditions and the direct influence of fiber 

orientation angle on the failure load and also determine the 

damage location.  A Tsai-Wu failure criterion is used to 

determine the FPF load of plates with stacking sequences 

 0 /
s

  under a concentrated load. Different boundary 

conditions are considered as given in Table 3. The results 

are presented in Table 4 and Figures 2 and 3. The same 

material property is used in this investigation. 

Table .3. Boundary conditions (BC) employed in 

numerical tests. 

 Boundary conditions 

 

CC 

2

0; 0; 0; 0; 0; 0
w w w

u v w
x y x y

  
     

   

2

0; 0; 0; 0; 0; 0
w w w

u v w
x y x y

  
     

   

 
 

 

SS 

2

0; 0; 0; 0; 0; 0
w w w

u v w
x y x y

  
     

   

2

0; 0; 0; 0; 0; 0
w w w

u v w
x y x y

  
     

   

  

 

It is observed that, for both boundary conditions, by 

increasing the fiber orientation angle, there is an increase 

in failure load, and when the stacking sequences are 

[0°/75°]s and [0°/90°]s, the failure loads  are almost 

constant for both boundary conditions. The maximum 

failure load obtained using the present element is 1410 N 

for clamped plates and 1102 N for a simply supported 

laminated with [0°/90°]s. The first surface failure (FPF) is 

always the bottom side of the fourth layer.  

 

 

 

 

 

Fig.2. The FPF strength of simply supported laminated 

plates with different stacking sequences. 

 

Fig.3. The FPF strength of clamped laminated plates with 

different stacking sequences. 
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Table. 4.  The FPF strength of simply supported and 

clamped laminated plates with different stacking sequences. 

BC Stacking 

sequences 

Failure load 

 Analytical 

Results 

Present 

element 

Location 

 

 

 

CC 

[0°/0°]s 1650 1140 Bot 4 

[0°/15°]s 1680 1160 Bot 4 

[0°/30°]s 1732 1220 Bot 4 

[0°/45°]s 1800 1300 Bot 4 

[0°/60°]s 1850 1360 Bot 4 

[0°/75°]s 1880 1400 Bot 4 

[0°/90°]s 1880 1410 Bot 4 

 

 

 

SS 

[0°/0°]s 1210 905 Bot 4 

[0°/15°]s 1230 930 Bot 4 

[0°/30°]s 1290 990 Bot 4 

[0°/45°]s 1340 1040 Bot 4 

[0°/60°]s 1370 1080 Bot 4 

[0°/75°]s 1370 1100 Bot 4 

[0°/90°]s 1370 1102 Bot 4 
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Top 1:  Bot 1:  

Top 2:  Bot 2:  

Top 3:  Bot 3:  

Top 4:  Bot 4:  

Fig.4. Damage distributions of fixed supported laminated plates [0°/90°]s under a concentrated load. 

 

6. Conclusion: 

In this paper, laminated composite plates subjected to 

concentrated load were studied in order to determine the 

FPF. The ‘Tsai-Wu’ failure criterion was implemented in a 

finite element code in order to predict the FPF load of these 

plates, and the damage location. Based up on the classical 

laminate theory, a four-node rectangular finite element 

with 6 degrees of freedom at each node was formulated for 

this purpose. The numerical results obtained by the present 

element compared favorably with those given by the 

analytic approach. It was observed that the numerical 

results were very close to the analytical results, which  

 

 

demonstrates the accuracy of the present element. Several 

parameters, such as fiber orientations, stacking sequence 

and boundary conditions were considered to see their 

effects on plates strength.  

7. References: 

[1] Reddy, J. N. et Pabdey, A. K. A first-ply failure analysis 

of composite laminates. Computers & Structures, 1987, 

vol. 25, no 3, p. 371-393. 

[2] Prusty, B.G., Ray, C., Satsangi, S.K.: First ply failure 

analysis of stiffened panels: a finite element approach. 

Compos. Struct. 51, 73–81 (2001). 

[3] Pal, P., Bhattacharyya, S.K. Progressive failure analysis 

of cross-ply laminated composite plates by finite element 

method. J. Reinf. Plast. Compos. 26, 465–477 (2007). 

[4] Moncada, A.M., Chattopadhyay, A., Bednarcyk, B.A., 

Arnold, S.M. Micromechanics-based progressive failure 

analysis of composite laminates using different constituent 

failure theories. J. Reinf. Plast. Compos. 31, 1467–1487 

(2012). 

[5] A. Hahn H T, Tsai S W. Introduction to Composite 

Materials. Boca Raton: CRC Press, 1980. 

[6] A, Khechai, A, Tati, et A, Guettala. Finite element 

analysis of stress concentrations and failure criteria in 

composite plates with circular holes. Frontiers of 

Mechanical Engineering, 2014, vol. 9, no 3, p. 281-294. 


